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Tapre I.—Meteorological extremes and averages, San Jose, Calif.
| Febru- | ' :  Novew- | De
Data and length of record (years). | January. :r).!u- | March. | April. | May. ; June. July. | August. Segégm- October. | Ve | DR | Annugl,
1
1l
i ] |
Temperature (17); t ; )
Highest recorded........ccoameemaan... il 70 | /8 90 02 L1} | 103 102 103 7 L} 2 103
Lowest recorded.... . 2 2 . 30 33 33 | 33 43 42 4 31 27 23 2
Average maximum. . | 57.0 6.3 | 64.8 65,2 7.0 i 7h. 4 .1 9.7 RS 73. 4 65.2 at.5 89.3
Average minimum. .. . 33,4 0.9 42,1 43.7 45,9 49, 4 5.7 52,2 50, 2 45, 2 40.9 34 45,1
Average monthly and .- 47.7 5.6 ! 53.0 b Mg ! 62.9 65, 4 65.0 644 59,8 .Y 5.0 57.2
Average number of days wit ! !
Maximum 32° or below............. 0 o 0 0 0 n 0 0 0 0 4 0 0
Maximum %0° or above........ 0 [ 0 0 * 3 3 2 3 * 0 n 11
Minimum 32° or below............i 6 2 * 0 0 0 0 ] 0 * 2 3 18
Preciritation (inches): i ‘
Average (17) . .. ocovmemieaiceaeaannnnn | LR 2.58 2.51 G. 58 0. 41 0,09 0.01! 0.0l 0.5% 0,49 , 114 3,05 15.2¢
Grealest monthly and yearly.......... | 12,35 7.m 7.75 1.93 2,69 0, 46 0,0 1 0,08 6,33 1713 .10 6.39 22,75
Least monthly and yearly... u. 1 0,09 0,31 0 n 0 o | 0 0 0 0,13 0. 43 6. 52
Greatestin 2t hours. . ......oooocuiaiae; 4, 36 2.65 2,60 0.78 1.2 0.36 0,08 I 0.08 447 0.90 173 2,77 4.5
Greatest amount in— i )
LThOur (12). .cvveinneenianncannnnns 0,83 0, 45 0, A 0,31 0.21 0,08 0,08 0.08 0.57 0,24 0.39 0.35 0.65
Sminutes (12)..cenicenveennanans 0,17 0,12 0. 15 0.08 0. 05 w02 0.02 0.02 0.13 0,08 0.17 0.14 0. 13
Number of days with 0.01 inch or more.| 12 10 9 4 3 1 - * 2 4 8 11 64
Sunshine and cloudiness: ;
Sunshine, per cent of possible......... ! 55 57 64 74 73 85 86 3 81 7 69 56 72
Average cloudiness (17) .. .o vvevaana... 5.4 5.3 4.7 3.4 .2 2.1 L8 2,1 2.4 3.1 3.7 5.3 3.5
Number of days— )
Cl 11 1) 14 1% 20 2 23 27 22 19 15 11 220
6 7 7 7 7 5 3 4 8 ) 7 7 74
Cloudy.. ... ..iiiiiiiiaaanan 14 11 10 5 4 1 0 0 2 4 1 13 n
Relative humldity:
Average at 100N (5) ... cuceieinanan... ;) 85 62 &) 5 46 50 19 50 53 33 71 58
Averageat5p. m. (19).....covinaan... G5 63 [} 55 24 51 52 53 53 54 61 70 58
Wind (velovity in miles per hour):
Average velocity (I8)...........c...... 6.1 6.1 5.9 6.3 6.3 5,2 8.1 3.7 5.1 4.8 4.9 5.6 5.8
Maximum veloity (for 5 minutes)..... 46 48 36 41 42 34 29 36 27 3 33 43 4
Prevalling direction................... SE. SE. NW, NW, NwW NW. Nw, NW. NW NW NW.land SE, NWw.
SE.
*Less than 1.

Clondiness, recorded to tenths. Temperature in degrees Fahrenheit.

GROUP DISTRIBUTION AND PERIODICITY OF ANNUAL RAINFALL AMOUNTS.

By Rosert E. HortoN, Consulting Hydraulic Engineer.

[Voorheesville, N. Y., August, 1922.]

INTRODUCTION.

The longest existing continuous rainfall record is that
at Padua, Italy. Inasmuch as this record is of great
value, on account of its length. for studies relating to
variations in mean rainfall, 1t is given herewith in con-
venient form and in English units, in Table No. 1.

Examining a long rainfall record, such as that of
Padus, it will be noticed that a large proportion of the
total number of years occur in groups of high or low
years, such that all the years in a group are either above
the mean or else below the mean. This tendency to group-
ing of like years occurs even where there is no visible in-
dication of an orderly or cyclic arrangement or periodic
recurrence of groups. Now if the vccurrence of succes-
sive like years was a matter of pure chance, then there
would be in any record a certain prohable number of
groups of 2, 3, 4, 5, etc., successive like years. Inas-
much as the occurrence of groups of like vears, especially
low years, is of great iinportance in the application of rainfall
data, it becomes of interest to inquire how the actual
grouping of like years compares with that which would
result from a chance distribution of wet and dry years.

The reasoning here applied to rainfall records may also
be applied to other hydrologic data, such as the distribu-
tion of groups of cold and warm years, the occurrance of
groups of low or high run-off in streams, the occwrence
of groups of years of large or deficient yield of crops, ete.
In order to make the discussion general, using rainfall
records for purposes of illustration, values of the data
under discussion will be described as “events’; a series

of events which occur in the same way, as, for example,
rainfall years all above the mean, or the results of the tos-
sings of a coin where all cases are heads, will be de-
scribed as “like events”; events which occur in opposite
ways, as the alternate tossings of heads and tails with a
coin, or the occurrence of wet and dry years in succession,
will be described as “unlike events”; events which
correspond to the occurrence of heads in the tossing of
coins, or to years of rainfall, stream yield, ecrop yield,
temperature, etc., greater than the mean, will he called
“plus events,” and the opposite will be called ““minus
events.” Any series of n consecutive events, whether
like or not, may be called a group. A series of n events
which are all like, and which events are both preceded
and succeeded by at least one unlike event, will he
described as an *‘n group” of events. A series of events
arranged in the order of their occurrence will be des-
cribed as a “record.” The difference in value of an event
from the mean value will be called its " departure.”
In the discussion of the accuracy of record means, it is
sometimes convenient to use the fiction *true mean.”
meaning thereby the result which would be obtained from
a record of indefinitely great length containing no ob-
servational errors, as distinguished from the mean of any
series of m events. The illustrations here given are
mainly derived from rainfall, for which the letter p is
commonly used to designate the mean. In order to
make this discussion more general, and to reserve the
letter p to designate probability, the letter 1/ will be
used to designate the mean, whether of rainfall or some
other series of events.
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Tasre No. 1.—-Annulau;£recipitat‘ion, Padua, during 176 years, 1725— TaBLE No. 1.—Annuval precipitation, Padua, during 176 years, 12-57

1900, deduced from tables of Dr. Julius Hann. 1900, deduced from tables of Dr. Julius Hann—Continued.
Per cent s Per cent
Year. Inches. I:zpr:!‘- R;gl:nto depar- Year. Inches. lzﬁg:r- R‘:?:nto depar-
. . ture. ‘ e ture.
2.90| -4.00 0.88| —0.12 o8| —o07
2478 | —o.13 07| —0.27 060| —0.31
578 | 11L& 1.35| 40.35 00| —0.03
5311 11920 57| 0.5 0.78| —02
3541 +2.50 1.07] -+0.07 110 +0.o
3432 | +0.41 1o1| <001 0.58| —0.42
] . rno| o0 1.06 +0.08
. 0.95 —0.05 1.11 +0. 11
. Loz| +0.02 Lu| o1
X Liz| 4012 0.96| —0.04
X 08| —g1o 0.84| —0.08
. 3 = 0. —=0.
. o7t —0.29 os3| —o17
. 0. —0.17 o8| -—019
. 0.75 —0.25 0.87 -0.13
. 0. 66 —0.34 1.09 +0.08
9 0.72 —0.28 1.47 +0.47
' oe| ol ser| fola
1. 1.05| -+0.05 008 -0
) ra|  qo12 o79| —0.21
A o3| +40.23 Lio| +0.10
.3, 078 —0.24 20| +0.20
: A Y *5% Vo
. . +0. . 3
. 00| —oo4 o8| —0.18
3 125! +0.25 1.3 +033
3.0 1,12 +0.12 1,18 +0.18
3 L1 | +0.16 o7 | -0
. 0. -=0. 0.9 -0,
) L2g|  +0.28 0.0t —0.06
. (l) 18 +8. 16 (l’ g; +8. gg
. Low| +0.29 L31| +0.3l
B iE e e
. . . 0.92 —0.
. 1.31 +0.31 0.72 —0.28
. 0. 66 —0.34 0.85 -0.15
3. 1.10 +0.10 1. 003 +0.003
; 1at| 1001 1.06| +0.08
R. . (1)%3 +g. 14 1.2? +8-¥g
) .78 . —0.02 0.8 —0.
5. . Los|  +0.05 os3| -017
. . 0.89 ~0.11 1.27 40,27
. A 123 +0.23 1.07 +0.07
. . 1,60 +0.60 0.84 —0.18
. . 193] 0.2 oom| —oo0
. . a2 +0.8 1.90| +0.20
8 HE R i e
. ) . —0. 03| 40
) ) Lo7| +0.07 ol —o.0
: By L] +olo 08| —013
. . 13| +0.38 0.80 —0.20
; ) Lot +o.0l 0.8 —0008
N . 3 —0. 0.82 =0.
. . 0.91 ~—0.06 0.8 | —0.11
2 ; Lol +0.09 o3| +0.08
. . X -0, 0.97 -0,
30, : 0.0%] —0.04 Los| +0.06
. ) 093{ —0.08 07| —0.2
. . 1.07 +0.07 1,12 +0.12
. . @ 1,21 +0.21 0.80 —0.20
: : 0% | 006 Bl Ton
. . . =0, .15 =+0.
. . 07| —0.i3 0.67| -0.33
. . 0.69 —0.31 0.66 —-0.34
%75 | _T.18 079 —0.a1 Li| o1
26.40| —7.51 0.78| —0.32 138 +0.38
37.31 | +3.40 rLip| +0.10 00| —0.00
aoe| 711 Lat| o021 Lia|  ton4
3534 +1.43 104 4004 0.69( —0.31
3320 Zo.62 0| —o0 115 +0.15
28.45 —5.48 0.84 —0.16
3020 +0.29 LO1| 000 MeaD...oonoeooo b msot e,
“17]| 410,26 130 +0.30
5. +1. . .
. 7. 9, 129 0.29
e ++}(,)_§ % 3:8'2’{ PROBABILITY OF GROUPS OF WET AND DRY YEARS—
44,52 +10. . +0.
wie| L) Le) o NOTATION:
. 04 +35. . .
261 | +12.70 1.38 0.38 . .
ol R oB o M= true mean of a series of values of a given class of
001 | 19.00 127 +0.27  avents.
wot| & on| 1o M., =mean of any series of t
: -7 . —0. M, =me ies of m events.
. . 1. 0.20 m - p .
oo raw o A n=number of like events in a group of like events.
| hm| Os| =0l A=departure of any event from the mean.
79| —121z| et —0.38 P,=probability of the occurrence of any given event.
ﬁ:ﬁ _&g 008 _001& pu=probability of occurrence of a group of n-like
. + . -0 .
28| 08| S8 8 TS rnber of ovents in a seri
. —7. . -0, m=num v ies.
2.4 | 147 07| -0.2 m nul  of events in a series
.00 322 asr| .09 . =probability of exceedance of an event.
0. 08 —3.85 . 89 —0.1 —_ - :
02 % oB an T.= averagg exceedance interval. )
Mol 4310 L) 4015 N =probable number of like groups of n events in a
21.31| —9.60 0.72) —o2z record comprising m events.
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N, =probable number of events concentrated in groups
of n-like events each in a record of m events.

If a rainfall record covering m years contains d yecars
with precipitation less than the mean, and w years with
precipitation greater than the mean, then the probability

of occurrence of dry years is Ef(l—z_w and the probability of

] f wet Loow
occurrence of wet years is 5 -—

If it is assumed that wet and dry years are equally
" probable, then the probability p,=1/2 for either a wet
or a dry year. In accordance with a well-known theorem
of probabilities, the probability of the occurrence of
n-like events in succession, where n trials are made, is
p®, or in the case assumed (3)2. In this theorem it is
assumed that the events are independent; in other words,
if an urn contains equal numbers of black and white balls,
the probability that if six balls are drawn, they will all

oL f1\¢®
be black, is (5) .

This has no regard to the question whether the next
subsequent ball drawn would be black or white. The
question of the occurrence of groups of n wet or n dry
years in a rainfall record is of somewhat a different
nature, and is not subject merely to the conditions that
there shall be some number 7 of like years in succession,
but also to the condition that after these events have
occurred the next event shall be of the opposite kind.!

Treating the black balls in the example of the urn as
wet years, and the white balls as dry years, the probability
that the first two years of a series will be wet years is 1/4,
and the probability that the next subsequent year will
be dry is 1/2; therefore the probability that the two wet
. years will occur, followed by a dry year, is 1/8. Simi-
larly, the probability of occurrence of three successive

3
like events is (—;—) + but the probability that these three

will occur and that they will be followed by an unlike
event is (3)*. One group of three like events—plus, for
example—having occurred, then, in order that these may
be succeeded by another group, the next succeeding
group must be made up of minus events. The chance
that the first event of the succeeding group will be minus
is %; the chance that three minus events will oceur in
succession is (3)?; and the chance that these will occur and
will be followed by a plus event, which is necessary to
constitute a like group of three events, is (3)*. In other
words, when a group of three like events has oceurred,
the probability of its being succeeded by another group
of three like events of the opposite kind is—

Pa= ()™ = ()=

The same reasoning may be applied to any number of
years, with the result that the relative probabilities of
occurrence of wet or dry years in groups of n years each,
is (3)°# if wet and dry years are equally progable, or if

1 Woodward: Probability and theory of errors,
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wet and dry years are not equally probable, then we

have— p
n+1
Po=1 (75%)

w \o#
Pv=% (d +w,
Writing the formula? in the form to give the probabilit

of cither a plus or a minus group of n years, where bot
are equally probable

(1)

Pn= (%)nﬂ (2)
or
log Py=(n+1) log += —0.698970 (n-+1)
= —0.70 (n+1) approx. 3

P, is less than 1.0 and its logarithm is negative.
If N,=probable number of occurrences of a group of
n like events in a record of m events, then—

Ne=mP,=m (})o+ 4

Also the length m of record in which there will be on
an average one group of n-like events is obtained from the

relation—
1=my (§)24
or
log - =0.698070 (n+1)
My
or

log my=10.70 (n+ 1) approx. (5)

The probable number of events which will be concen-
trated in groups of n-like events each is—

Ny=mN;=mn (3)°+ (6)

Forexample, the length of record in which a like group with
n=15 will occur once on an average is 15,259,000,000.

Using the logarithmic expression, equation (3), it is
evident that the graph of this formula will plot as a
straight line on semi-logarithmic paper. Such a plotting
is shown in Figure 1, from which the relative probability
of occurrence of n-like groups up to n=19 can be read
accurately in spite of small values of P.

The author has been accustomed to use the term
“exceedance frequency’ or ‘‘exceedance probability”
in the peculiar sense of the frequency or probability of
a given value of an event being either equalled or exceeded.
The term will be used in the same sense here. Referring
to column (2) of Table No. 2, it will be noted that the
sum of the probability series for a given value of n, and
for all greater values, is equal to the probability for (n—1).
In other words, the exceedance frequency for any value
of n may be expressed by the formula—

Pa= P(n—l) (7)

For example, the probability of occurrence of a group
of either nine or any greater number of like years in a
given record is the same as the probability of occurrence

of a group of just eight like years, namely, 5—1‘2

3 After this paper was submitted for publication, the author’s attention was called to
the fact that Mr, H. W. Clough (Mo, WEATHER REV., March, 1921, pp. 125 (5) and 128 (5)),
had given the formula for the number of n-like groups in a record of m events, whic
can be transformed into an expression identical with formula (2) given in this paper.
The author has not been able o find this formula in any other published work on the
theory of statistics and it was worked out ind dently in the preparation of this paper.
Mr, Clough doces not state the source from which he obtained his formula nor give its
derivation. He Is, however, authority for the statement that the same method was
used by Buys Ballot in a study of temperature ( Met, Zeit,, 1331, p. 404). The object of
the present paper is to preseiit the matter of practical application of this important
formula, wit ;ipecial reference to rainfall, in a manner readily intelligible to thase not
versed in the advanced theories of statistics,
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TasLE 2.—Probability of groups of n-like events either plus or minus—
Probuble niember of r groups in 1,000 events for various calues of n
wimber of erents included in each class of n groups—Actual numbers
of events in 1,000 evin lossings.

[Pg=(2)r+! plus and minus events equally prebable.]

MONTHLY WEATHER REVIEW.

Actual nnmber in 1,000 cnin tossings.
Relative Probable | Number B
roba- nm}lbcr of e;n(a)r(lxt)s
; of n in 1, Qe :
n nrl;‘é‘fn groups | fallings Serjes 1. Series IT. Mean.
aroup. in 1.(:00 irn ng —_
events. | groups. Groups.|Events.|Groups.| Events.|Groups.| Event: .
n (2) [€)) [€)) (5) (6) (7 ) (9 ()
110,
21,
3.
4.
5.
6
71.
8.
9.
10
11
12
13
14
15
16
17
18
19
20

In the accompanying Table 2, assuming wet and dry
years equally probable, column (2) shows the relative
probability of occurrence of groups of years all alike,
either wet or dry, each group containing the number of
years indicated by n in column (1). Column (3) shows
the probable number of groups of n years each which
would occur in a record of 1,000 years. The resulting
numbers of years which would probably be included in
groups of n-like years each in a record of 1,000 years is
shown in column (4). As a test, two series of 1,000 coin
tossings were made under conditions insuring chance
occurrence of heads (plug) and tails (minus). The
results for each series and the mean of the two are shown
in Table 2.

In general the numbers of groups and numbers of
events falling in each n group agree well with the results
given by the formulas. A peculiarity of formula (1) is
that the actual number of years comprised in groups of
two like years as indicated by the formula should be the
same as the number of years occurring singly. This of
course results from the fact that the probai)llity of two
like years in succession is one-half that of an isolated high
or low vear, whereas the number of years in a group of
two is double that in “groups” of one year.

TABLE 3. — Actual numbers of groups of wel and dry years in rariovs
preeipilation records.

I
New Bed- : : | San Diegn?
Padua, Havana, o Cincinnati, Albany -

1725 to 1900 | 1850 to 1914 |POFh 113 10| 1850 t0 1914 | 1826 10 1918, [SS0-BLIS

(175 vears); | (56 years); 'vo;ars)- (A5 years); | (93 yeurs) vmr?)- B

wean, 35.91. | mean, 18.69. mean, 46,47, | Mean, 3.3, r.wnn.:ﬂ..._.i méan, .72,

| ! i i
M= |+ =S| +l= |3 |Fi=i2(+]=|Z]+|=[2i+]=12

1{17]1936| 6; 6|12|10) 9119] 98| 9[18) 4| 7j11j11ju1; 22
'388162:025'4.952743701|l
3| sl 3(n|2, 2 3|1/ 1| 0|33 1|23 1|4 5
4/ 2] 113/0.3,3[1;3,4]1|0f1] 1] 8]|2/51tl s
s{2(0|/2[o0; 1} tfo]1;1}0} 1] 1{2]1/3|]0]1, 1
61 0 8| 8feeafeunn|- O A TS T A T 2 1 R OO P SO
710 1,1 ool o 1]l 1l
] ; oj 2210 1| 1|.....
. 1, 1, 2. 1
1) : 1
11
17 ; ! 0

1 Seasonal, July-June, inclusive.
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TaBLE 4.—Relative numbers of groups of n-like years either plus or
wminus in various precipitation and other records, reduced to basis of
100 years record.

] Rela- o l I%an
i tive an ego
' Peob- | sun . New | cyn. Dicgo | tem-
i able | spot Pz:;l;_m Ha}g_na Eﬁ%‘ cinuati Albrx;x_]v sea- era-
n | num- | Nos. | Pr¢ pre pre- e sonal | ture
ber of | 1750- t“;}’," ot | Bre | eipt- | o0 | pre- a8
groups, tor2 | '8WcH. | tation. toting. | tation. oR- | cipi- ; 1901
i (162 S tation. (50
: years). years).
(1 | (2 (3) ) (5) (6) tv) (8) ()] % (10)
1: 25 1.23 20. 44 21.42 | 1
2 125 1} 9.00 3.57
3 [ B 1.85 6.25 7. 14
4 312 3.08 1.70 5.36
5 1.8 4,04 1. 14 1.78
[ 0.78 2,47 .40 L.
7 0.39 1.23 Y 2 [
5 0.20 0.62
0 0.10 0.62
10 0.05 1.23
11 0.02 0.52 |.
) [ .
D 50 20
N-n 2.00 5.00
Gl Lon| 250

As a test of the applicability of the theoretical formula
here deduced to rainfall records, the actual number of
occurrences of n-like groups, both plus and minus, in
soeveral rainfall records, have been tabulated as shown
in Table 3. The results are more readily comparable in
the form in which they are presented, together with
certain other data, in Table 4, in which the actual
numbers of occurrences of =n-like groups have been
reduced to the basis of equivalent numbers in a record
of 100 events. To the data given in Table 3 there have
been added, in Table 4, the theoretical numbers of n-like
groups (column (2)) the actual numbers of n-like groups
in Wolf-Wolfers relative sun-spot numbers (column (3))
and the occurrence of groups of cold and warm years in
succession in the temperature record at San Diego, Calif.
(column 10). Comparing columns (2) and (4), Table 4,
it will be noted that there is a slight deficiency of groups for
n=1and n=2. There is a considerable excess of groups
for n=6 in the Padua rainfall record and some deficiency
in the occurrence of groups for most other values of n.
The formula would indicate the probable occurrence of
0.78 of a group of six like years on an average per 100
years of record, where actually 3.4 or nearly five times as
great a number of groups of six like years occurred.
This seems to indicate a somewhat pronounced tendenc
to repetition of six-year periods in the Padua rainfall,
and six being the nearest integer to the length of one-
half of the 11.3-year sun-spot cycle, a connection between
the two might be inferred. There is, however, no great
regularity In the time of occurrence of the six-year
groups in Padua, as will be readily noted from Figure 1.
A comparison of the actual with the probable distribu-
tion of groups of like years, regardless of their times of
occurrence, by the methods hereby given, may, however,
lead to indications of a periodicity subject to discontinui-
ties, as suggested by Turner.?

In these studies like years at the beginning and end of
a record have been counted as complete %ike groups,
although it is not known whether the terminal groups
in such cases were really complete or not; furthermore,
fractional groups can not occur, although for large
values of n only a fractional group is indicated in general
on the average for 100 years of record. As a result, one

3Turner: Discontinuities 1n meteorvlogical events,

Qutr. Juur. Roy. Mel. Suc.,
41: 315-352, 1915.
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finds oftentimes a single group with a relatively large
value of n and the total omission of several groups with
still larger values of n, the result being that, as for
example in the case of the Padua precipitation, the total
occurrence of groups with n greater than 7 is not far
different from that indicated by chance. In the case of
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FI16. 1.—Prohability of the occurrence of a group of n-like events.

T i
e e

]
LE I

New Bedford and Albany precipitation, there seems to
be a tendency for a recurrence of groups of about 9
years’ average duration, with a frequency 15 to 20 times
as great as that indicated by the laws of chance. Refer-
ring to Table 3, it will be noted that the Albany record
contains one group of 17 like years preceding the year
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1919. The record for 1919 shows that this was also
deficient relative to the 93-year mean, which would
make this group comprise 18 years, and it may not yet
be completed. However, analyzing the data for 46
years, since the establishment of the United States
Weather Bureau station at Albany, this group becomes
subdivided into four like groups, the longest of which
comprises 12 low rainfall years.

In the case of the possible six-year periodicity indi-
cated for Padua, two or three of the six-year groups
would have become five-year groups by a very slight
change in the long term mean, less than the proba%)le
error of the ohservations.

A C(RITERION OF PERTODICITY.

Arthur Shuster (ref. 8) pointed out in 1902 that evi-
dence of periodicity can be obtained by the use of
Fourier’s series in any record of annual rainfall or similar
data, and furthermore, since a certain number of equal
like groups would occur as a result of chance, the true
indication of periodicity is not the total number of
occurrences of like groups of n values each in a given
record, but only the excess in the number of such occur-
rences over the probable chance occurrences. As will
be seen from the above illustrations, formula (2) supplies
a method of determining this excess in the case of rainfall
and similar records.

It also affords a more direct and precise criterion of
periodicity, to which attention will now be called.

Referring to column (2) of Table 2, it is evident that
the sum of the probability series is 1; in other words,
the probable total number of like groups of events in a
record of m events is im. consequently the average
length of all the periods of n-like events occurring in
such a record, in accordance with the laws of chance,
would be 2.0. If the events do not occur in accordance
with the laws of chance, hut are controlled by causes
which render the occurrence of events more or less
regularly periodic, then it is evident that the average
number of events in a like group would approach one-
half of the length of the complete cycle or period as a
limit in the case of perfect periodicity. ’Fhese facts
furnish a simple criterion of the tendency to periodicity
in any record, which may be calenlated as follows:

Calling consecutive events all above or all below the
mean like events, count the number of groups of like
events in the record, including as a group each single or
isolated plus or minus event. Let this number of groups
be 7, where m is the total number of events. Then the

average number of events in a like gronp is Tea
: T

‘The average number for chance distribution is 2; hence
the

. « . . . in \
Periodicity eriterion, Cp=5;, (K)

This eriterion is one-half of the number of like events in
an average group. o

It will be seen that the periodicity criterion is simply
the ratio of the average number of like events per group
in a given record to two, the number of events per group
for chance distribution. Its numerical value 15 1.00 in
the case of pure chance occurrence of the evenis: whereas
for purely cyelic events free from all chance variation
its value iz equal to precisel: one-fourth the length of
the eyele.
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Of course there will be some departure from the
theoretical group distribution in any finite series of pure
chance events. In general the longer the series of
fortuitous events the more closely will the grouping agree
with the calculated distribution. If the occurrence of
wet years in a rainfall record, for example, is a matter
of pure chance, then the periodicity criterion determined
from the record may be expected to approach the mini-
mum value 1.00 more and more closely as the duration
of the record increases.

This criterion has an advantage over the use of Fou-
rier’s series in that it applies equally well to discontinu-
ous periodicity in the sense of the term suggested by
Turner (loc. cit.) as to periodicities repeated at regular
intervals with reference to a fixed epocB. It is sensitive
for the reason that if in any record there is a preponder-
ance of groups of n-like events, the excess of events com-
prised in these groups must be drawn from other groups,
and there will be a corresponding deficiency in the other
groups, especially in the more numerous smaller groups,
so that the average values of » and (), increase rapidly as
the tendency to periodicity increases.

Referring to t.Ee average values of n for the different
records as given at the foot of Table 4, it will be noted
that in the case of sunspot numbers, the value of C,
periodicity criterion, is 2.5. This is not far from one-hal
of the average or 11.3-%ear sunspot period. In other
words, the criterion in this case approaches closely the
limiting value, although the periodicity of sunspot num-
bers is by no means perfect. In the case of rainfall rec-
ords, the periodicity criterion is very nearly 1.0 in two
instances; ranges from 1.16 to 1.28 in four instances; and
exceeds 1.5 only in one instance, namely, Albany. In
this case the large value is mainly due to the inclusion
of the 17-year group of low years above cited. It will be
noted that lack of homogeneity, in the record will tend to
increase the criterion above its value 1.0 for pure chance
occurrences, so that in so far as the criterion here used
indicates, there is little valid evidence of definite perio-
dicity in the rainfall records cited in Table 4, comparable
with the periodicity of sunspot numbers.

Another disturbing factor in most of the rainfall rec-
ords used in Table 4 arises from the fact that the totals
are for calendar years. If, as is usually the case, the
rainfall shows a marked seasonal variation, then seasonal
rather than annual totals will usually give more consist-
ent results. As an illustration, the San Diego records
of precipitation have been analyzed on the basis of sea-
sonal totals, and when so analyzed show a periodicity

criterion very close to the minimum value corresponding -

to a purely chance occurrence of the distribution of wet
and dry years.

The periodicity criterion can be applied to various
other hydrologic data as well as to rainfall. Examples
of the grouping of wet and dry years and the values of
the periodicity criterion for run-off records are shown in
'l‘abfe 5.

The criterion of periodicity gives of course only the
weighted average of the various periodicities if more than
one exists in a given record. If one peridicity predomi-
nates it is indicated by the criterion. The criterion, how-
ever, fails in the case of the perfect periodicity of two
years’ cycle, since for that case the value of the criterion
1s the same for perfect periodicity as it would be for a
purely chance occurrence of the events.
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TABLE 5.— Periodicity criterion—Annual run-off.
[Water year, November, 188¢-November, 19il.]

- b Merrimac | Murray
{:ll;?g:[-‘ I"‘&f?"t'! Nesham- | Tohickon iPerkiomen| River, River, Pro}‘),ablo
tion Mass, | iny Creek,] Creek, Creek, |Lawrtence,| Mildura, ou‘ 3
o sertotsal  Pal Pat Pa.s Mass,,3 | Anstralig,l| §TCND
: ™ 1880~1915. | 1865-1918, -
_____ ] |
(h M 4) (5 (6) , () ()
1
- ! _—t. - |_
1
1 7 H 6 6 5 R - 11 25.00
2 4 3 2 4 1 5 12.50
E 3 3 2 1 ! 2 8.25
2 2 2 3 ' 1 a.n
0 1 1.56
1 0,78
0,39
0.20
0.10
0.05
. 0.02
Years 52 27 a7 27 36 54 40,97
=G 18 13 13 13 15 22 100,00
T 2.9 ; 2,08 2.08 2.08 2.4 2.46 2.00
G 1.45 1.4 1.04 1.04 1.20 1.22 1.00

1Hall P, A, 8. C. E.
1W, &, Papers,U. 8. G, 8,
3 W, S, Paper 415.

CORRECTED CRITERION FOR SHORT RECORDS.

The preceding discussion is based on the assumption
that formula (2) gives correctly the probability of the
occurrence of a group of n-like years in a series of purely
fortuitous events. This is true only in case the record of
events is of indefinitely great length, or, in other words, if
m is very large. As already pointed out, in the case of a
relatively short record it is not known whether the initial
and terminal groups are complete or not. In the case of
such a short record what may be termed an *‘end correc-
tion’’ is required to be applied to formula (2) in order to
determine the true probability of the fortuitous occur-
rence of a group of n-like events. After the manusecript
of this paper was submitted for publication the author’s
attention was directed to a paper by Mr. H. W. Clough,*
in which there is given a formula from which this end
correction can be determined. To distinguish them from
the approximate values for short records derived from
the formulas already given, the true probability of a group
of n-like fortuitous events and the corrected periodicity
criterion will be designated P’ and (7, respectively. Us-
ing this notation the formula given by Mr. (lough may be

written
m—mn—1 71\
PL.= _77?_(3) (9)
Values of the correction factor m.— n - 1 for any chosen
m
values of m and »n can be read directly from the diagram,
Figure 2. Since the correction factor is less than unity,
it follows that the tprobable number of groups of like
events in a record of m events, as given by formula (9),
is less than as given by formula (2). Hence the true
average number of events per group in a short record
is somewhat greater than the minimum average number
for a long record, as given by formula (2). Again, the
true value of the periodicity criterion may be written

vy _m -

4 CI. footnote 2,
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where G as before is the actual average number of groups
of like events in a given record, and % is the true average
number of events per group in a record of purely fortuitous
events of the same duration, m. The value of k replaces
the value 2.00 in formula (8) and its value in general is
somewhat greater than 2.00. The value of £ can be
determined without great labor for any duration of record,
m, by applying the correction factors from Figure 2 to
the calculg.ted number of groups for different values of n
for fortuitous events. Calculation of % for a record of 100
events is given on Table 6. The calculation has heen
carried through only for groups of 15 events or less. It
is not necessary to go farther for the reason that although
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F1. 2.—Values of the term (m-n-1)/n in the true formula for probability of nceurrence
of a group of n-like events.

a considerable correction is required in the case of larger
groups, the number of such larger groups in a given record
1s generally insignificant. For a record of 100 events,
k=2.065. Referring to Table 4, the periodicity criterion
Cp for 100 years' rainfall record at New Bedford was
found to be 1.28, assuming #=2.00. The average number
of events per group in this rainfall record is 2.56 and the
corrected criterion is

2.56

p __ 290 : <
0"_2.065 1.24 instead of 1.28.

The difference is commonly of little significance.
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TasLe 8.—Calculation of corrected average number of events per group
in a record of 100 fortwitous events.

fa=number l Nye= : Corrected
! of like events I mintt C?;r(i(:;lon value of
per group. : for m=100. . Ng.
) I (2) (3) [£))
— _i__. J— -

1o.... l 25 .08 24,500
- J | 12.5 07 12,125
3.. N 6.25 w 6,000 |
4..... o .05 2,00
[ . 1. 56 .04 1.466
G.. 0.78 i 0. 725
7.. .39 A 0n.359 -
R.. 0.20 .91 0.182
9. n.10 .90 0.009
10.. 0.05 .R9 0.044
Il....... 0.025 | . 88 0. 022
12....... 0.012 K7 0.01
13.. 0.005 ! .86 0. 005
4ooeee. 0.003 | .85 0.003
15, et | 0.0015 i .84 0. 001
PR, 1 a0.0075 lmu — 48.415

verage events per group==100/48.42,

€ per gr R’—'.’.OGS.

Of course, short records are of little value as a basis of
determining periodic cycles. The author believes that
it is better in general to adhere to the simple, though

approximate, formula 0,,=5% (8) in most cases for the

reasons:

(1) The calculation is much simpler.

(2) This formula gives for any record of finite dura-
tion a value larger than the true value of Cp’; in other
words it indicates a rather greater probability of perio-
dicity than actually exists in the given record. If; then,
the approximate formula (8) does not show definite evi-
dence of periodicity in any given record of events, it
affords rather positive evidence that no actual periodicity
exists, and it is useless to search further or to analyze the
data by the laborious application of the Fourier series
or other advanced statistical methods. The object of
the method is to quickly eliminate cases where there is
no real, positive evidence of periodicity. In this sense
formula (8) is perhups more properly a criterion of non-
periodicity than a periodicity criterion. What it really
shows is the tendency, if any exists, toward a greater
degree of grouping of like events than would probabl
occur fortuitously. It is true that in any individu
record, especially one of short duration, considerable
departures from the ideal fortuitous distribution of events
can and not infrequently will occur as a result of what
may be called secondary probability, but if there is true
periodicity there must be a systematic departure of the
grouping of events from the purely fortuitous arrange-
ment. The eriterion shows whether there is any tendency
to a systematic concentration of the events in groups to a
greater extent than would occur fortuitously, whether
this is the result of chance or true periodicity. If, then,
the application of the criterion shows there is no such
group concentration there can apparently be no true
periodicity in the phenomena. It may be noted, how-
ever, that the criterion fails in case there is a true perio-
dicity with uniformly two events per group. In that case
the value of the criterion is unity, although the periodicity
may be perfect.



